VOL. 26, NO. 2, FEBRUARY 1988

AIAA JOURNAL 213

Cumulative Damage and Fatigue Life Prediction

Tiiu V. Kutt*
AT&T Bell Laboratories, Whippany, New Jersey

M. P. Bieniek¥
Columbia University, New York, New York

A cumulative damage rule is proposed for fatigue of metals under variable stress-amplitude loading. The rule
is nonlinear and takes into account the sequence of stress levels, i.e., high-to-low or low-to-high changes of stress
amplitudes. To facilitate probabilistic estimates of safety of structural elements subjected te fatigue loading, a
stochastic model of fatigue damage is developed. The mean value and the variance of the fatigue life of an ele-
ment are determined in terms of the statistics of the material properties and of the load parameters.

Nomenclature
b = parameter describing S-N diagram (tan~'5
is the inverse slope of a linearized version
of log-log plot of the S-N curve)
c =exponent of constant stress amplitude
damage function
=exponent of constant stress amplitude
damage function for stress amplitude S;
D = constant stress amplitude damage function

D; =fatigue damage after application of ith
stress block

AD; =damage increment due to application of ith
stress amplitude

aD/dox =rate of change of damage with respect to
cycle ratio

E() =expected value

S = stress-interaction function

ki =defined by Eq. (7)

m =material parameter used in the stress in-
teraction function

n; =number of applied cycles at stress
amplitude S;

N; =number of cycles to failure at constant
stress amplitude S;

Ny =endurance limit of S-N curve

P, =probability of failure

S; =jth stress amplitude

Var( ) =variance

V.Vp, VoV =coefficients of variation of ¢,D,n, and N,
respectively

X; =cycle ratio, =n;/N;

X1 =equivalent cycle ratio to produce damage
D;_, at stress amplitude S;

y =exponent describing damage curves

Zi = l/Nl

7 =defined by Eq. (19)

Hes s fs N =mean values of ¢,D,n, and N, respectively

Introduction

HE major problems in the evaluation of the fatigue
strength of a structural element appear to be the
following:
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1) The formulation of a simple and reliable cumulative
damage rule for loadings with variable stress amplitudes.

2) The formulation of a rational stochastic model of
cumulative damage that will correctly reflect the randomness
of the material properties and the stochastic character of ex-
ternal loads present in most structures.

3) The choice of a suitable measure of stress intensity at a
point of the structure, i.e., the choice between the nominal
stress vs the actual peak stress in complex shapes (notches),
the inclusion of the effect of residual stresses due to the
manufacturing process or to the past load history, and the
question of what the ‘‘effective stress’’ is in the case of two-
or three-dimensional states of stress.

4) Occasionally, in the presence of complicated load
histories, the question of what constitutes a ‘‘cycle of
loading’’ and in what way the load cycles should be counted
in order to arrive at a ‘‘load spectrum’’ that will indeed be
equivalent to the actual stress-time history at a point of the
structure.

The earliest, and still very often used, method of fatigue
analysis is based on the Palmgren-Miner rule of cumulative
damage.!? This rule is probably the simplest possible; it
utilizes the absolute minimum amount of material data and,
with proper care, is capable of providing the structural
analyst with useful information concerning the severity of
the fatigue environment of a structure. Nevertheless, the
method has failed to satisfy the increasing demand for ac-
curacy and reliability of the fatigue life predictions of
various structures. Also, none of the subsequent develop-
ments and improvements of the phenomenological, or stress-
type, fatigue theories have gained significant acceptance
among structural analysts. In fact, the trend in the past
decade has been away from the stress-type fatigue theories
and toward fracture mechanics approaches. Among the lat-
ter, the Paris formula® has gained substantial recognition
and widespread use.

There is no doubt that the fracture mechanics (crack
growth) analyses are to some extent free from the faults of
the early stress-type analyses. Most important, they are
nonlinear in determining the cumulative damage, which is a
feature badly missing in the Palmgren-Miner theory. They
also address to some degree the problem of the proper stress
measure in the structural element by dealing with the stress
intensity at the crack tip rather than the continuum-type
stress state. (This last advantage, however, is often obtained
at the cost of prohibitively complicated and still not fully
reliable analyses of stress fields in cracked elements, e.g., by
the finite-element method with variable meshes.) In certain
aspects, however, the fracture mechanics theories are as in-
adequate as the stress-type theories. The problem, for exam-
ple, of the crack growth rate under variable-amplitude cy-
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cling is as little understood as the classical fatigue damage
accumulation under these conditions.

The authors believe that a rational stress-type fatigue
theory may provide a practical and reliable tool of analysis
and design of structures under cyclic loadings. Such a theory
need not represent a ‘‘counterpoint’® to the fracture
mechanics methods. In fact, a truly rational stress-type
theory should be consistent with, and properly reflect, the
microscopic processes in solids; its predictions should be in
good agreement with the predictions of any other rational
(e.g., fracture mechanics) theory.

This work represents an attempt at the compilation of a
stress-type theory of cumulative fatigue damage and fatigue
life prediction. Among the four major problems of the
fatigue theory mentioned earlier in this section, this work
deals with the first two, namely, the cumulative damage rule
and the stochastic model of fatigue damage.

Background

Cumulative Damage

The experimental data on the fatigue failure of specimens
subjected to cyclic loads, as well as the data on the crack
growth rate under cyclic stresses, have led to certain widely
accepted notions concerning the nature of the fatigue
damage. The most fundamental of them are:

1) The fatigue damage, say D, in constant-stress cycling is
a nonlinear function of the number of applied stress cycles.
Moreover, the form of this function depends on the
magnitude of the stress amplitude S. This last property of
the damage is referred to as ‘‘stress dependency’’ and the
corresponding theories are said to be ‘‘stress dependent.”’
The nonlinearity and stress dependency of the fatigue
damage function are illustrated in Fig. 1 in ‘‘normalized”’
variables x=n/N (where n is the number of applied cycles at
stress amplitude S and N the number of cycles to failure at
the same stress amplitude) and D such that D=1 at failure.

2) The incremental fatigue damage AD,; caused by a
“block’” of n; cycles at some stress amplitude S; depends on
the magnitude of damage D;_,;, due to the previous cycling
history of blocks of n,,n,,...,n;_;, and on the relation of the
previous stress amplitudes S,,S,,...,5;_, to the stress
amplitude S;. The effect of the previous damage D; | on the
incremental damage AD,; is already included in the assump-
tion of the nonlinearity of the damage function. The effect
of the magnitude of the stress amplitudes S,,S,,...,5;_, in
relation to S; (i.e., the “‘low-high’’ vs ‘‘high-low”’ sequence
of stress amplitudes) is independent of the properties stated
in item 1 above; it is referred to as the ‘‘stress-interaction”’
effect of the fatigue damage. The stress-interaction effect has
been clearly established in numerous fatigue strength and
crack propagation tests. Although its quantitative formula-
tion appears to be somewhat elusive, the following aspects
seem to be well recognized:

a) A block of low-stress cycles reduces the magnitude of
the rate of damage caused by the subsequent block of high-
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Fig. 1 Linear and nonlinear stress-dependent damage functions.
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stress cycles; in other words, strain aging at low stresses in-
creases the fatigue resistance in subsequent high-stress
cycling.

b) A block of high-stress cycling (in a smooth specimen)
increases the rate of damage in subsequent low-stress cycling.

¢) A single (or only a few) high-stress peak of overload
reduces the rate of damage in subsequent cycling at stress
amplitudes lower than the peak stress. The same
phenomenon has been observed in the rate of crack growth.

Several important works that followed the 1945 paper by
Miner? contained cumulative damage theories incorporating
the nonlinearity of the damage rate and, in some instances,
the stress-interaction effects. It should be noted here that
nonlinear but stress-independent cumulative damage rules
fail to yield results in agreement with the available ex-
perimental evidence. The assumption, for example, of the
damage due to n cycles of constant-amplitude stress in the
form

D= (n/N)¢ (1)

(where ¢ is a constant) leads to the following damage due to
a block of n; cycles at S, followed by a block of 7, cyles at
Sz:

DZV[(nl/]\’])"‘(nz/Nz)]C 93]

With failure defined as D=1, the failure criterion in terms
of the cycle ratios becomes

(n/Ny) + (ny/Ny)=1

i.e., the linear relation of the Miner rule, which is in
disagreement with experimental evidence.

Nonlinear, stress-dependent, interaction-free theories were
proposed in the 1950’s by Shanley® and Marco and Starkey.’
Corten and Dolan® developed a nonlinear, stress-
independent, interaction theory that, in some respects,
reflects the microscopic changes in the material. The theory
by Freudenthal and Heller’ introduced the interaction and
nonlinear effects in terms of an S-N relation that was ad-
justed empirically to the load spectrum characteristics. The
theory by Grover,® the ‘‘double linear damage rule’’ by
Manson et al.,® and the ‘‘double exponential rule by Miller
and Zachariah!® made use (although qualitatively only) of
the fact that the fatigue damage of the material progresses in
two stages: crack initiation and crack propagation. These
considerations led to mnonlinear, stress-dependent,
interaction-free damage rules. A different nonlinear, stress-
dependent, interaction-free damage rule was proposed by
Marin!! on the basis of the notion of certain ‘‘isodamage
curves.”” The isodamage curves are, essentially, S-N
diagrams that are adjusted to account for the damage caused
by past cyclic history. Extensive use of the ‘“‘damage curve”
and “‘residual life’” concepts was made in the theory
developed by Hashin and Rotem.!? It contained a nonlinear,
stress-dependent, interaction-free rule; its important feature
was that all the necessary material data can be obtained from
the S-N diagram resulting from constant-amplitude fatigue
tests.

Nonlinear, stress-dependent, interaction-free theories were
proposed in the 1950’s by Shanley* and Marco and Starkey.?
Corten and Dolan® developed a nonlinear, stress-independent,
interaction theory that, in some respects, reflects the
microscopic changes in the material. The theory by Freuden-
thal and Heller’ introduced the interaction and nonlinear ef-
fects in terms of an S-N relation that was adjusted empirically
to the load spectrum characteristics. The theory by Grover,?
the ““double linear damage rule”” by Manson et al.,” and the
““double exponential rule’’ by Miller and Zachariah!® made
use (although qualitatively only) of the fact that the fatigue
damage of the material progresses in two stages: crack initia-
tion and crack propagation. These considerations led to
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nonlinear, stress-dependent, interaction-free damage rules. A
different nonlinear, stress-dependent, interaction-free damage
rule was proposed by Marin!! on the basis of the notion of cer-
tain ‘‘isodamage curves.”” The isodamage curves are, essen-
tially, S-N diagrams that are adjusted to account for the
damage caused by past cyclic history. Extensive use of the
“‘damage curve’” and ‘‘residual life>’ concepts was made in the
theory developed by Hashin and Rotem.'? It contained a
nonlinear, stress-dependent, interaction-free rule; its impor-
tant feature was that all the necessary material data can be ob-
tained from the S-N diagram resulting from constant-
amplitude fatigue tests.

Stochastic Models

The large scatter of experimental data in the tests of
fatigue strength of materials has led to the general accep-
tance of the notion that the progress of fatigue damage is
essentially a random process. Consequently, the methods of
the theory of probability and statistics have become in-
dispensable in the quantitative description of various aspects
of fatigue of materials. The works in this area can be divided
into three groups:

1) The first group deals with the description of the fatigue
life of a material subjected to constant-amplitude cycling.
The fatigue life, expressed in terms of the number of cycles
to failure, is a random variable and a substantial effort has
been devoted to the problem of accurate determination of its
probability function. A survey of the pertinent literature can
be found in Ref. 13.

2) With the development of the theory of random v1bra-
tions in mechanical systems and structures, research effort
has been focused on the problem of fatigue life of an ele-
ment of a machine or a structure subjected to random
loadings, in which the stress history is a random process.
The emphasis of this work has been placed on the ran-
domness of the loading, with the models of the fatigue
cumulative damage remaining deterministic and extremely
simple in fact, employing simply the Palmgren-Miner rule.
The works by Miles,'* Powell,'* Crandall et al.,'® Bendat,"”
and Wirsching and Light!® are the most prominent examples
of research on fatigue due to random loadings.

3) The third group of works on the problem of stochastic
modeling of fatigne deals with the cumulative fatigue
damage as a random process. The rationale of this research
is that the randomness of the cumulative fatigue damage is
due to the random nature of the material response to stress
cycles and to the randomness of the stress cycles themselves
in structural and machine elements under random loads. The
results of this research appear to have direct application to
the problem of fatigue life prediction and reliability of struc-
tures and machine components. The work that influenced
the present research was done by Parzen,!® Bogdanoff,?° and
Hashin.?!

Parzen’s model of fatigue failure is based on the linear
cumulative damage rule and certain assumptions concerning
the probabilistic nature of damage under individual cycles of
stress. They lead to the notion of modeling the fatigue
damage as a renewal process. Using some results of the
renewal theory, the mean value and the variance of the
damage function D can be determined and, thus, the pro-
bability of D=1, i.e., the probability of failure can be
estimated. Bogdanoff’s assumptions concerning the
cumulative damage caused by a ‘‘duty cycle’’ of an element
result in a Markoff process as the model of fatigue damage
accumulation in the element. The probabilistic theory pro-
posed by Hashin is based on the Hashin-Rotem rule of
cumulative damage,'?> with the quantities determining the
residual lite ot an element assumed tO0 DE random varlaoies.
Consequently, the residual life itself is a random variable
whose mean value and variance can be determined. A
stochastic model for the related problem of fatigue crack
propagation has been proposed by Lin and Yang.?? In their
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model, the crack growth rate is described by a random pulse
train multiplied by a function of the (current) crack size, the
stress 1ntensxty factor and its range, the stress, and the stress
ratio.

Proposed Cumulative Damage Rule

The basic aspects of the proposed cumulative damage rule
satisfy the following requirements: '

1) The damage function D, under constant-amplitude
cycling, depends on the cycle ratio x=n/N and the stress
amplitude S, with D being zero at the start of loadmg and
equal to 1 at failure, 1e

D=D(x,s)
with D(0,5) =0 and D(1,5)=1

2) The function D(x,S) increases monotonically with x,
with its rate dD/dx also increasing with x.

3) After a change in stress amplitude from, say, S;_, to S;,
the rate of damage at the new stress level depends on the ex-
isting magnitude of damage, on the stress level S;, and on the
stress change (S;_; —S;). The last effect is expressible in the
form .

D ) aD *
D f (stress history)- (__)
ox \ ox

where (dD/dx)* is the damage rate without the effect of the
stress step (S;_; —S;) and f the interaction function whose
purpose is to introduce quantitatively the effect of the se-
quence the high- and low-stress amphtudes (i.e., the hlgh low
vs low-high sequence of"cycles).

4) Limiting the scope of the present theory to the case of
moderately sized blocks ‘of cycles at different stress
amplitudes, the. following condltlons are assumed for the in-
teraction function f:

F>1if 8, >
F<1if §;_, <5,

with |f—1[increasing as IS;_; —S;[ increases.

The present assumptions concerning the function ftake into
account only two effects, namely, 1) acceleration of the
damage rate if the current stress level is preceeded by a higher
stress level, and 2) reduction of the damage rate if the current
stress level is preceded by a lower stress level. The favorable
effect of a single overload and a more precise effect of the
number of cycles in the consecutive stress blocks is, at present,
omitted from the proposed rule.

The proposed damage functlon for constant-amplitude cy-
cling has the form

D=x¢ @
where c=c(S) is a function of stress [¢(S)>1] to be deter-

mined experimentally.
The interaction function f is assumed as

=1 +m(—SlS—TSZ)x1 (5a)

for two-stage loading (two stress levels) at amplitudes S; and
82 and with the number of cycles n, and nz, respectlvely,
=n,/N, and in general .

fi=l+m ZJ: (SJS;IS')xJ (5b$

where m is a material parameter.
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The dependence of the damage increments AD on the ex-
isting damage magnitude, which is implied by the nonlinearity
of Eq. (4), leads to the following generalization of the damage
function at the end of the ith block of stress cycles (at stress S;
and with »; cycles):

D;=D;_, +fil(D;_1i +x;)% —D;_;] ©®)

where ¢;=c(S;). The term D;_1/ in Eq. (6) is sometimes
called the ‘‘equivalent cycle ratio’” at the stress level S; relative
to the damage D;_, and denoted by x;;_;.

The case of two-stage loading serves as the test of the
ability of the above rule to represent the experimentally
¢stablished fatigue behavior of a material, to determine the
material parameters ¢(S) and m, and to compare the present
damage rule with some of the rules listed in the preceding
section. For two stress levels S; and S,, with the number of
cycles n; and n,, respectively, and with x;=n,/N, and
x;=n,/N,, the present rule [Eq. (6)] results in the
magnitude of damage at the end of the second stage

D, =x51 + (1 +kp2)) [ (%5172 +2,)1 = x§2] @)
where

S8,

2

k12 =m

With the failure criterion D, =1, Eq. (7) yields the following
relation between x, and x;:

P [4
e (1 + klle 1+ 1>1/02 _x1cl/cZ (8a)
2 1+ kX,

For the same test case, the Marco-Starkey rule becomes
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X, =1-x51722 (8b)
and the Marin rule becomes
X, =(8,/8,Y (1 -x,) )]

where b and y are the inverse slope of the S-N curve and an
exponent to be determined by experiment, respectively. The
Hashin-Rotem rule

X, = 1 - X Log(Ny/Ng)/Log(N1/Ng) (10)

where N, is a material parameter (the endurance limit in the
S-N curve). Finally, note that Eq. (3) follows from the Miner
rule or a nonlinear but stress-independent and interaction-
free rule.

The material parameters of the present theory, ¢(S) and
m, have been determined from the two-level tests by Manson
et al.® The results of the failure predictions with the aid of
the present cumulative damage rule [Eq. (8)] and with the
Palmgren-Miner rule are shown in Figs. 2 and 3 for the
high-low and low-high loading sequences, respectively. The
material data from. the constant-amplitude tests and the
parameters used in the present cumulative damage rule are
listed in Table 1.

The stress dependency of the damage function through the
exponent c(S) and the presence of the stress interaction
function f(S, —S,) have similar effect on the shape of the x,
vs x; curve at failure by bringing it below the Palmgren-
Miner line in the case of high-low load sequences and above
the Palmgren-Miner line for low-high load sequences. It
must be noted, however, that neither the stress dependency
nor the interaction alone is capable of accurate predictions
of failure points. For example, the strengthening effect of
the initial low-stress cycling visible in Figs. 3b-3d cannot be
reproduced by the stress dependency alone.

I~ (d)

Applied cycle ratio xq=ny /N,

Fig. 2 Four cases of high-low, two-level cycling: a) S; = 290 ksi, S; = 240 ksi; b) S; = 240 ksi, S; = 140 ksi; ¢) $; =290 ksi, S = 160 ksi;
d) $; = 290 ksi, S = 120 ksi (solid line represents the present rule, broken line the Palmgren-Miner rule, dots the experiment from Ref. 8).

-

n2/N2

X2=

Applied cycle ratio x,=n, /N,

Fig. 3 Four cases of low-high, two-level cycling: a) .Sy = 240 ksi, .52 = 290 ksi; b) .5; = 140 ksi, 52 = 240 ksi; ¢) S; = 160 ksi, S, =290 ksi;
d) S = 120 ksi, 5> = 290 ksi (solid line represents the present rule, broken line the Palmgren-Miner rule, dots the experiments from Ref. 8).
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Table 1 Material data for the two-level cycling shown in Figs. 2 and 3

Stress amplitude S; ksi 120
Cycles to failure N; from

constant-amplitude tests 244,000
Exponent of the nonlinear

damage function c(S;) 5.9
Parameter m of the interaction

function 1.0

140 160 240 290
94,000 44,000 3800 1280
5.6 4.8 3.0 2.0
1.0 1.0 1.0 1.0

Stochastic Model of Fatigue Damage

The present approach to the formulation of a stochastic
model of fatigue damage is based on the assumption that the
damage D is a function of the random variables describing
the material properties and stress history. Specifically, the
damage D; at the end of n; cycles of stress S; given by Eq.
(6) depends on the material variables N,;,N,,...,N; and
C15C25...,¢; and the loading variables n,n,,...,n; and
S1585,...,5;. Adoption of this assumption implies that the
random damage increment AD; due to the stress block S; of
n; cycles can be attributed deterministically to the individual
cycles within the block. This is, of course, a different
physical statement than that forming the basis of the renewal
theory approach to the damage function D, namely, that the
fractional damages due to individual cycles within a block
are random variables with identical probability functions.

A complete description of the damage D; requires
specification of its probability distribution function Fj, (x;).
The function Fp, in turn, determines the probability of
failure, which is the probability that D;=1, for a given x;,,
i.e., for a given service life of the element being analyzed. It
appears, however, that the full description of the probability
function Fj, is, at the present time, not possible. There are
two main reasons for this situation: 1) the exact distribution
functions of the random variables that are the arguments of
D; are not known, and 2) the mathematical difficulties in-
volved in the full determination of F, are considerable. Con-
sequently, following the previous efforts in this area and the
general trend of the methods of the probabilistic theory of
structural reliability, the objective of the present stochastic
model is the determination of only the first two moments of
Fp, namely, the mean value E(D;) and variance Var(D;) of
damage D;.

In order to provide an illustration of the Palmgren-Miner
rule, the damage function is

Jj=i

n.
D= J (11)
L+

J= J

With D treated as a function of n; and N, its mean value
and variance are

E(D)= ; E(nj)E< 1\11, ) (12)
Var(D):E{[ » (1’3 )]2}—[E(D)]2 (13)

j J

Approximate expressions for E(D) and Var(D) can be ob-
tained by using approximations for E(1/N;) and Var(1/N)),
which yield :

E(n;)

J J
En) T2
Var(D)= ¥ [—E%] [V%v,-a—V%ﬁ)uwuV%,j)
j J
+V2(14 V)2 (15)

where V,; and V,; are the coefficients of variation of #; and
N;, respectively.

By contrast, if the function D given by Eq. (11) is treated
as a renewal process, the asymptotic theorems of the renewal
theory vyield the expression for E(D) and Var(D) in the
form

E(n;)

ED)= Ly
J

J

(16)

E(n;) Var(N, .
Var (D) = E%Q+Var[ Y E(’j{/})] 17
J -

J J

The above three methods of computation of Var (D) have
been applied to a specific example of variable-amplitude
cycling of specimens of 7075-T6 aluminum alloy reported in
Ref. 23. The results of these calculations, as well as the ex-
perimental histograms of fatigue life, are shown in Fig. 4. In
all of the calculations, the distribution function of D is
assumed to be log-normal; consequently,

P(D> 1)=4>(—n)5—\/—.2_175:e‘y2/2dy (18)

where

_ —[alpp) —(VT+V3)]
V(1 + V3)

(19)

The stochastic model based on the cumulative damage rule
proposed in the preceding section can, in principle, reflect
the contribution of all the random aspects of the material
properties and loading. However, due to the lack of suffi-
cient experimental data on some of the material parameters
[notably, the exponents ¢(S;)] in the damage function given
by Eq. (4) and in order to achieve a possibly simple theory,
the following probability models are assumed for the
material properties and stress history:

1) The number of cycles to failure N(S;) at a constant
stress amplitude S; is a random variable. In the present
theory, the description of N(S;) in terms of its mean value
and variance are used. Both of these quantities can be
estimated from a series of constant-amplitude fatigue tests.

2) The stress history is described in terms of a typical
“duty cycle” block of stress amplitudes 51582500038)5.0058;
with each stress level occurring n(S;) times. The numbers of
stress cycles n(S;) is assumed to be random variable with a
mean and a variance.

) 10 20 30

Number of biocks
Fig. 4 Predictions of the probability of failure based on Miner’s
rule, Curve A: Egs. (12) and (13); curve B: Egs. (14) and (15); curve
C: using renewal theory of Eqs. (16) and (17).
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Consider first the effect of the randomness of N(S;)=N;.
Since the damage function D depends on N, in a somewhat
complicated way, an approximate form of D(N;) is obtained
first by expanding D(X;) in the Taylor series about the
mean of N;=puy;, i.€.,

. o
D=D(uy) + E N =) |,
1 ‘ : °D |

— No— )2
+2![;( i) 5N |uN

]+... (20)

4 E E (N~ ) (N — g ) e e

and truncating the series after the fourth term. In the case of
N; being statistically independent, the mean and the variance
of D then follow as

1 « 8D
E(D)ED(nN)+—ZTE—— Var(N;)
) Jj AN
1 ¢ D | .
+7§) TN | ET = b)) @1
and
Var(D) = E(D?) — E2(D) 2)

Soinewhat simpler calculations are needed if 1/N; rather
than N, 'is used as the independent variable of the function
D. The Taylor expansion of D is then

D=D(p,)+ E (z;—ny) oD
B Bd j ) Ha aZj 54

BD
[E(ZJ ~ny)? 2

32D
+ E E (=) (3= i) g -
'j

Rz

.MZ] F... 23)

which leads to E(D) in the form
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E(D)=D( )+—1 _32 Var(z;)
= r(z:
(D) #e) Ty 2/: 3z |1, z;
+—1 —_ )1 24)
i
3t = 9z v

where z;=1/N; and the corresponding expression for
Var (D) is obtained according to Eq. (22).

The mean value of 1/N; and the variance of 1/N; can be
estimated from the data obtained in constant-amplitude
tests. Alternately, these values can be computed from the
mean and the variance of N;; approximate formulas for this
purpose are

1
pyn=——-~(>1+ V%) (25)
UN
201_ 12
Vi(l-V3) 26)

1/N= (1+V]2V)2

Equations (23-26) have been applied to the case of the test
program reported in Ref. 23, in which spectrum loading was
applied to specimens of aluminum alloy 7075-T6. The stress
sequence in a typical “‘duty cycle’’ block is shown in Fig. 5.
Table 2 contains the number of cycles of each stress
amplitude as well as the material data used in these calcula-
tions. The numbers of cycles to failure have been taken from
constant-amplitude tests of Ref. 23.

The results of the present predictions of the probability of
failure and the actual histograms of fatigue life are shown in
Fig. 6. Although the case of mixed high-low and low-high
stress sequences is relatively favorable to the stress-
independent, interaction-free rules, it can be noticed that the
present predictions are closer to the experimental data than
any of the results shown in Fig. 4. Specifically, the present
theory predicts more conservative fatigue lives than those in
Fig. 4; also, it yields a greater scatter of the fatigue lives.
The diagrams of E(D) and Var (D) as functions of the load
cycles (or numbers of load blocks) are shown in Fig. 7.

The randomness of the applied stress cycles n(S;) =n; can
be taken into account in a similar manner. First, the trun-
cated Taylor expansion of D in n; and N, is performed;
then, the mean value and the variance of D are determined
resulting in the following equation of E(D):

Table 2 Load and material data for spectrum loading of Al 7055-T6

S ksi 3.8 9.1 15.0 21.2 27.2 33.7 39.9 46.3

n (per block) 24,400 4800 690 98 14 1.8 0.33 0.074

c 7.7 5.2 3.7 2.7 2.0 1.5 1.3 1.2
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Fig. 5 Stress sequence in typical “‘duty cycle’’ blocks (see Ref. 23).

Fig. 6 Predictions of the probability of failure based on the present
theory. Curve A: deterministic load cycles, random fatigue life under
constant stress; curve B: random load cycles and random fatigue life
under constant stress; experimental data from Ref. 23.
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Fig. 7 Mean value and variance of damage—curves A and B: ac-
cording to the present theory {Egs. (24) and (22)]; curves C and D:
according to the Palmgren-Miner rule [Eqs. (12) and (13)].
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and an equation for Var (D) expressed by Eq. (22).

Conclusions

The main features of the proposed cumulative damage rule
are nonlinearity, stress dependency, and stress interaction. It
appears that all these features are necessary to achieve a
satisfactory agreement between the theoretical predictions of
cycles to failure and the experimental data from fatigue tests
under variable amplitude loads, especially under two-stage
(high-low and low-high) cycling.

The stochastic model, based on the present damage rule, is
capable of taking into account the randomness of the
material strength (reflected in the probability distribution of
the cycles to failure at a given stress level) as well as the ran-
domness of the cycles of applied loads. The resulting predic-
tions of fatigue life of an element are in the form of the
probability of failure as a function of the expected (mean)
number of cycles of applied loads. The probability of failure
is by itself a meaningful quantitative measure of the strength
of an element; it can be also used in arriving at rational
values of the conventional safety factors, paralleling the
ideas of Ref. 24.

Further research is needed in clarification of the role of
the true local stresses as opposed to the nominal or average
stresses in an element. Closely related to this is the problem
of residual stresses caused by either the manufacturing pro-
cesses or the past history of loading. A more refined stress
interaction function must be capable of discerning both the
favorable and unfavorable effects of past overloadings or
low-stress aging. Finally, the phenomenological (or
“‘strength’’) theories, the various microscopic considerations
(crystalline slips, microstresses), and the fracture mechanics
methods must be brought to a much better mutual consis-
tency than what exists today.
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